Abstract. By means of weighted norms existence and uniqueness theorems are proved for some classes of nonlinear convolution equations in Lebesgue spaces L and spaces C of continuous functions. The applicability of the theorems is shown by examples.
Introduction
In the theory of inverse problems for identifying memory kernels in viscoelasticity and heat transfer a class of nonlinear convolution equations occurs. Recently for these equations global existence theorems are proved using weighted norms (see [1, 6, 8 ] ) . In particular Bukhgeim [1] derives general theorems for corresponding nonlinear Volterra equations with a convolution majorant by means of Schauder fixed point theorem and the contraction principle in Lebesgue spaces L and spaces C of continuous functions.
In the present paper such existence theorem is given for some general classes of nonlinear convolution equations in spaces L and C applying the contraction principle in a modified way. This extends the existence lemma used in [8] . Further some examples are mentioned showing the applicability of the theorem, among them equations of auto-convolution type, nonlinear stress-strain relations in viscoelasticity and nonlinear Volterra integro-differential equations.
Preparations
Let X be a normalized, commutative, separable Banach algebra with norm and L(0, T; X) ( 
The convolution operator
in these spaces is commutative and invariant with respect to multiplication by e_at. following from Holder's inequality, we have the estimations 
Main result
Our main result is an existence and uniqueness statement for second kind operator equations of the form u+Gou+Giu*G2u=g (4) where G (i = 0, 1,2) are operators in the spaces L,,(0, T; X) and C(0, T; X) satisfying Lipschitz conditions in the weighted norms. More precisely, there holds the following
Theorem. Let G R E (Lp (0,T;X) .. Lp (0,T;X)) (i = 0,1,2), where 0< T < -: and p> 1, satisfy Lipschitz conditions of the form
for i = 1,2 and 
i.e. the special case of equation (4) without convolution term. By contraction principle we show the existence of a solution to equation (7) in the ball B , (g) {f:
p}, where p = 2 1I Go g II and a > CO is chosen as a solution of the equation
with some e E (0, ).Due to the assumptions on ..\ a solution a of equation (8) exists for any sufficiently small positive E. Further by (6) and (8) 
2. Next we are going to show that a unique solution of equation (4) exists in the ball Bp,a(f) = {u : Ilu -1 Il,,,a :5 p} with some p and a, also using the contraction principle. In view of equation (7) the operator Au = g -Gou -G 1 u * G2 u writes
Making use of the inequalities (2) and (3), we obtain
Further, by the assumptions (5) and (6) 
if u E B 4O (f),p P1 and a > a 1 (p). I.e., A maps the ball B , ,(f) into itself.
For the difference of the operator A we write
Estimating as above, for u 1 ,u 2 E B ,(f) we obtain ll Au i -Au2
This time we choose P2 > 0 and a2 > co such that
provided P P2 and a a2 . Then it follows that
if p < P2 and a a2.
The estimations (9) and (10) show that the operator A is a contraction in B".1(f) with p p3 = min{ p i , p2 } and a a3 (p).= max{a i (p),a2 }. Hence equation (4) has* a unique solution in every ball B ,(f) (p p, and a >_ a3(p)).
3. It remains to prove uniqueness in the whole space LP (0, T; X). For this aim let u be an arbitrary solution of equation (4) in L(0, T; X). From equations (4) and (7) we obtain u -f = Gof -Gou -G 1 u * G2u. Estimating by means of (6) and (3), we deduce the inequality
qor which due to the convergence A(a) -0 as a -* co implies that il u -1 lIla + 0 as a -* oo. This means, every solution u E L(0, T; X) of equation (4) where M is a (continuous) function non-decreasing in its arguments.
Additional statements
There are four, corollaries to the Theorem. Since the convolution C 1 * G2 satisfies a Lipschitz condition of form (5) 
Go E (Lp (O,T;X) -L,,(O,T;X)) fulfills the Lipschitz condition (6).
Immediately from the proof of the Theorem there follows also 
=IO where G0 and G , , (i = 1, ..n; j = 1,2) are as in Corollary 1.
In comparison with Theorem 2.2 of Bukhgeim [1] we state the following
where the function 'I'(r, p, o) is non-decreasing in r, p and non-increasing in a with lim'F(r,r,a) < 1 (14)
for some r = r0 > 0. Then equation
(see (7)
) has a solution u E L(0, T; X) for any function g E L(0, T; X) which satisfies the condition
II h II,0 as in the proof of the Theorem using (14)1
The proof of the Theorem also shows the validity of the following
Corollary 4. The statements of the Theorem hold true for equation u+Gou+F(G i u*G2 u)=g (16)
where
.3) are as in the Theorem and F E (L(0,T;X) -Lp(0,T;X)) satisfies the assumptions F0 = 0 and
with ME M.
Examples
We illustrate the applicability of the Theorem and Corollaries 1 -4 by a few examples.
Example 1. At first we consider the nonlinear integral equation of generalized convolution type u(t) +

/ k i (t, s) u(s) ds + / k2 (t, s) F1 (u(t -s)) F2 (u(s)) ds = g(t)
(18) in the spaces L(0, T) (p > 1) and C[0,T]. In the literature, as a rule (see [5] ), the special case of equation (18) without factor F1 is treated. From Corollary 2 with n = 2 we obtain existence and uniqueness of a solution u in
and F1 satisfy the Lipschitz conditions
with constants Ni (i = 1, 2).
In the special cases k1 0, k2 ±1 and F1 u = u (z = 1,2) equation (18) reduces to second kind autoconvolution equations which are dealt with by Bukhgeim [1] .
Example 2. In the theory of viscoclasticity one may propose nonlinear stress-strain relations of the form
a(t) = Ee(t) +Jk i (t -s)c(s)ds (21) +Jko(s)kz(t -s)Fi (e(t -s))F2(e(s))ds
where a is the stress, e the strain, and E > 0 a constant. The determination of E by given or then is a special case of equation (18) Example 3. In the theory of inverse problems for identifying memory kernels in linear viscoelasticity and heat conduction (infinite) coupled systems of bilinear Volterra integral equations of the form
rn(i) + A / A(t -s)rn(s) ds = g(i)
occur where
and Ak = Ak [m] is the solution of the equation
with kernel
(see, in particular, [8] and also [7, 9] (27) where g E C' [O, T] with g(0) = 0 and y is solution of the problem
Example 4. The convolution equation of first kind / y(t -s) x(s) ds = g(t)
with A E L(0, T), can be reduced to the second kind equation
by differention. In equation (29) there is
If the function f satisfies a Lipschitz condition, then also the operator y [x] in C[O, T] does it and by Corollary 2 we obtain existence and uniqueness of a solution x E C[0, T]. We point out that the more difficult autoconvolution equation of first kind is considered in [4] .
Example 5. As further example we consider an integro-differential equation of the form ü(t) + f(u(t), t) + / k(t, s) F1 (u, ü)(t -s) F2 (u, u) (s) ds = g(t)
(30) 
U(t) + f(J00 u(t), t) + J k(t, s) F, (u, Ja i u)(t -s) F2 (u, J 2 u)(s) ds = g(t)
(34) and integro-differential equations of the form (u, D, u, u 
